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1. FORMULATION OF THEOREM 1. 
Let S be a compact surface, and let G be a graph embedded on s (without 
crossing edges). For each closed curve D on S we define: 
( 1) := min cr(G,D'). 
D'ND 
Here cr(G,D') denotes the number of times D' intersects G. The minimum ranges 
over all closed curves D' freely homotopic to D. [A closed curve is a 
continuous function D:s 1-..s (where s 1 denotes the unit circle in the complex 
plane). Two closed curves D and D' are freely homotopic, in notation: D<VD', 
if there exists a continuous function ~:[0,~>'s 1__,,,s such that p(O,z)=D(z) 
and ~( 1, z) =D' ( z) for each z t: S 1 ] 
on G: 
( 2) 
Observe that the function yG is invariant under the following operations 
(i) homotopic shifts of G over S; 
(ii) replacing G by a surface dual G* of G; 
(iii) ~Y-exchanges in G. 
Here we use the following terminology. Graph G' arises by a homotopic shift 
of G over S (or is homotopic to G) if there exists a continuous function 
~:[0,1) ~G~S so that (i) ~(O,y)=y for each y€G; (ii) for each x£[0,1], 
~(x, ·) is a one-to-one function on G; (iii) ~ ( 1, '.) maps G onto G' . [We con-
sider G and G' as subspaces of sJ 
We say that graph G~ is a (surface) dual of G if (i) each face of G is 
an open disk; (ii) each face of G contains exactly one vertex of G~, and 
V(G~)A G = 0; (iii) each edge of G~ crosses exactly one edge of G, and each 
edge of G crosses exactly one edge of G~, while there are no further inter-
sections of G and G*. [By V(.) and E(.) we mean the vertex set and edge set 
of .. ] So G has a surface dual if and only if each face of G is an open disk. 
Moreover, G has only'one surface dual up to homotopic shifts. 
If v is a vertex of G of degree 3 1 a AY-exchange (at v) replaces v and 
the three edges incident to v, by a triangle connecting the three vertices 
adjacent to v (thus forming a triangular face). We also call the converse 
operation (replacing a triangular face by a 'star' with three rays) a AY-
exchange. The idea of hY-exchange was introduced by Neil Robertson, who 
proved Theorem 1 below in case S is the projective plane. 
Note moreover that if G' is a minor of G then fG·"t'G (i.e., fG' (D) ~ 
~G(D) for each closed curve D). Here a minor of G arises by a series of 
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deletions of edges, and contractions of non-loop edges. If we contract 
an edge, the graph arising is naturally embedded again on S (unique up 
to homotopic shifts). 
Now we call G a kernel (on S) if pG' ~ PG for each proper minor G' 
of G. [Proper means that we delete or contract at least one edge of G~ 
The main result of this paper is that, if S is orientable and each 
face of G is an open disk, then kernels are uniquely determined by the 
function ~G , up to the operations (2): 
THEOREM 1. Let G and G' be kernels on the compact orientable surface s, 
in such a way that each face of G is an open disk. If rG = rG' then 
G' can be obtained from G bq a series of operations (2). 
Note. We do not know if the condition that each face of G is an open disk 
is necessary. In fact our proof below shows that we may relax this condition 
to the weaker condition that no loop of G is (as a closed curve) freely 
homotopic to a closed curve not intersecting G. In particular, if G has no 
loops at all, the statement also holds. 
2. TIGHT GRAPHS. 
We next formulate an analogous result for so-called tight graphs, which 
result actually will be shown to imply Theorem 1. Tight graphs were intro-
duced in [ 6). 
Let H be a graph embedded on the compact surface s. For each closed 
curve D on S we denote: 
( 3) ~~(D) := min cr(H,D'). 
D 1ND 
D'CS\V(H) 
Here the minimum ranges over all closed curves D' freely homotopic to D so 
that D' does not intersect the vertex set V(H) of H. 
Let H be 4-regular. The function YH is clearly invariant under the 
following operations on H: 
(4) (i) homotopic shifts of H over S; 
(ii) ~V-exchanges in H. 
A aV-exchange replaces a triangular face, adjacent to r,s,t,u,v,w as in 
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r s r s 
w t by w t 
v u v u 
Moreover, we define an opening (at v) as replacing a neighbourhood of 




(So at one vertex v there are two possible openings.) If this operation 
would create a loop without a vertex, we add a new vertex on the loop. 
We call a graph H' an opening of H if H' arises from H by a series of 
openings. Note that if H' is an opening of H, then Pli·~~~· We call a 
4-regular graph H tight (on S) if ~H' ~ Pli for each proper opening H' of H. 
[Proper means that we open H at least once.] (In [ 6]we defined 'tight' for 
each eulerian graph, but in this paper we restrict ourselves to tight 4-
regular graphs. ) 
The following theorem says that, if S is orientable, then 4-regular 
tight graphs are uniquely determined by the function fli , up to the operations 
( 4) : 
THEOREM 2. Let H and H' be tight 4-regular graphs on the compact orientable 
surface s. If ~H = Pli• then H' can be obtained from H by a series of oper-
ations (4) . 
3. REDUCTION OF THEOREM 1 TO THEOREM 2. 
we show a relation between kernels and tight graphs, allowing us to 
reduce Theorem 1 to Theorem 2. For any graph G embedded on the compact 
surface S, let H(G) be a graph obtained from G as follows. Choose an arbitrary 
point w(e) 'on the middle of' e, for each edge e of G. These points form the 
vertex set of H(G). For each vertex v of G, there will be edges of H(G) form-
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ing a circuit connecting the points w(e) on edges e incident to v. That is, 











If e 1 , ... ,ek denote the edges incident to v in cyclic order, H(G) has edges 
connecting the pairs {w(e 1) ,w(e 2)} ,{w(e2) ,w(e3)J, ... ;{w(ek-l) ,w(ek)1, 
{ w ( ek) , w ( e 1 )} , drawn in N as in: 
We d6 this for every vertex v. This makes the 4-regular graph H(G). Note 
that f~(G) = 2yG. 
In fact, H(G) determines G up to homotopy and duality: 
PROPOSITION 1. Let G and G' be graphs embedded on the compact surface S so 
that each face of G is an open disk. Then H(G) andH(G') are homotopic, if 
and only if G' is homotopic to G or to its dual G~. 
PROOF. This follows directly from the fact that G can be reconstructed from 
H(G), up to homotopy and duality. 0 
Moreover, we have: 
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PROPOSITION 2. Let G be a graph embedded on the compact surface s so that 
each face of G is an open disk. Then G is a kernel, if and only if H(G) 
is tight. 
PROOF. One easily checks that deletion and contraction of an edge e of G 
corresponds to the two ways of opening H(G) at vertex w(e). So if G' is a 
proper minor of G then H(G') is (homotopic to) a proper opening of H(G). 
This implies that if H(G) is tight, then for each proper minor G' of G: 
(5) 
So G is a kernel. 
Conversely, if G is a kernel, then H(G) is tight. For suppose to the 
contrary that we can we open H(G) at vertex w(e), say, obtaining a graph 
H' with p~, = r~(G'). This would contradict the fact that G is a kernel, 
since the opening would correspond to a deletion or contraction of edge e 
in G, without changing YG , except if it corresponds to contracting e while 
e is a loop. Let D be the closed curve following loop e. Since G is a kernel, 
D is not null-homotopic (otherwise we could delete e from G without modifying 
PG). Now cr(H' ,D)=O. Hence rG(D) = ~p~(G) (D) = ~~~· (D) = 0, contradicting 
the fact that each face of G is an open disk. [] 
We cannot delete the condition in Proposition 2 that each face of G 
is an open disk, as on the torus s, the graph G consisting of one vertex 
with one non-nullhomotopic loop attached, is a kernel, but H(G) is not tight 
(H(G) consists of one vertex with two non-nullhomotopic loops (of the same 
homotopy) attached) . 
Finally we have: 
PROPOSITION 3. Let G and G' be graphs embedded on the compact surface s. If 
H(G') arises from H(G) by one L'lV-exchange, then G' arises from G by one 
/J..Y-exchange, up to homotopy and duality. 
PROOF. This follows from Proposition 1 and by considering the following 
two figures (where the uninterrupted lines are edges of H(G) or H(G'), and 
the interrupted lines are edges of G or G'): 
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D 
Propositions 2 and 3 directly yield: 
PROPOSITION 4. Theorem 2 implies Theorem 1. 
PROOF. If G and G' are kernels on the compact orientable surface S, so that 
each face of G and of G' is an open disk, then by Proposition 2, H(G) and 
H(G') are tight graphs. If ~G = ~G' then r~(G) = 2rG = 2rG' = t'H(G'). So by 
Theorem 2 i H (GY and H (G') arise from each other by homotopic shifts and AV-
exchanges. So by Proposition 3, G and G' arise from each other by homotopic 
shifts, duality, and ~Y-exchanges. 
4. REDUCTION OF THEOREM 2 TO A LEMMA. 
D 
We now reduce Theorem 2 to a Lemma on closed curves on a compact orientable 
surfaces. This Lemma will be proved in Section 6 (Section 5 contains some 
preliminaries on hyperbolic plane geometry). 
Let H be a 4-regular graph on a compact surface S. The straight decompo-
sition of His the decomposition of the edges of H into closed curves c 1 , ... ,ck 
in such a way that each edge is traversed exactly once by these curves, and 
that in each vertex w of H, if e 1,e2 ,e3 ,e4 are the edges incident tow in 
cyclic order, then e 1 ,w,e3 are traversed consecutively (in one way or the other), 
and similarly, e 2 ,w,e4 are traversed consecutively (in one way or the other). 
The straight decomposition is unique up to the choice of the beginning 
vertex of the curves, up to reversing the curves, and up to permuting the 
indices of c1, ... ,ck. 
We call a system c 1 , ..• ,ck of closed curves minimally crossing if each 
C. has the minimum number of self-intersections (among all closed curves freely 
1-
homotopic to C,), and each two C. and C. have the minimum number of inter-
i i J 
sections with each other (among all closed curves freely homotopic to c. and 
1-
C. respectively; taking i~j)). 
J 
To be more precise, define for closed curves C,D:s 1~s: 
-7-
( 6) cr(C) := J {(y,z) e S1;<.S1 \ C(y) c ( z) , yiz} I , 
mincr(C) := min{cr(C') IC'"' c~, 
cr(C,D) := j{(y,z) ~ s 1 ~s 1 I C(y) =D(z)11 
mincr(C,D) := minfcr(C' ,D') I C'NC, D'ND}. 
Then c 1 , ... ,ck are minimally crossing if cr(Ci) mincr(C.) and cr(C. ,C.) ]_ ]_ J 
mincr(C. ,C.) for all i,j with iij. ]_ J 
A closed curve C:s 1~s is primitive if C is not freely homotopic to 
Dn, for some closed curve D: S 1-+ S and some n ~ 2. (Here Dn is the closed 
curve defined by Dn(z) := D(zn) for all zE:S 1.) 
A key result of [ 6 J is: 
PROPOSITION 5. Let H be a 4-regular graph on the compact orientable surface s. 
Then H is tight if and only if the straight decomposition of H is a minimally 
crossing collection of primitive closed curves. 
In fact, the assertion holds for any eulerian graph on S. 
As is shown in [ 6 ], it is not difficult to derive from Proposition 5: 
PROPOSITION 6. Let H be a tight 4-regular graph on the compact orientable 
surface S, with straight decomposition c1 , ..• ,ck. Then for each closed curve 
D on S: 
( 7) 
k 
p~ (D) = L 
i=1 
miner (C. ,D). 
]_ 
Moreover, in [ 7 ] we derived from the results in [ 6 ]: 
PROPOSITION 7. Let c 1 , ... ,ck and cl, ... ,Ck' be primitive closed curves on the 
compact orientable surface s. Then the following are equivalent: 
(i) k ~ k', and there exists a permutation n of {1, ... ,k1 so that for each 
-1 I 
i=l, ... ,k: CiNC~i) or Ci NCTr(i) 









miner (C ~ ,D) . 
]_ 
f.rhe implication (i) ~(ii) is trivial.] 
In order to prove Theorem 2, let Hand H' be tight 4-regular graphs on 
the compact orientable surfaces, with~~= Ps•· Let c 1 , ... ,ck and Cl, ... ,Ck' 
be the straight decompositions of H and H', respectively. By (7), we know that 
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(8) holds. Therefore, we may assume that k = k', and that Cieo..JC 1 , ..• , 
ck~ck. In fact, c 1 , ... ,Ck can be moved to Ci, ..• ,Ck in a finite number 
of steps, each step being one of the following: 
(9) (i) homotopic shifts of c 1 , ... ,ck so that during the shifting, 
no two crossings coincide and no new crossings are introduced; 





(h, i and j need not to be different). We assume that c 1 , ... ,ck do not inter-
sect the triangle enclosed by eh, C. and C .. 
1. J 
If we transform c 1, ... ,ck by applying a series of operations (9), we 
say that c1 , ... ,Ck are moved by jumps. 
Since each jump corresponds to a bV-exchange in the underlying graph, 
it now suffices to prove: 
LEMMA. Let c 1 , ... ,ck and ci, ... ,ck be minimally crossing systems of primitive 
closed curves on the compact orientable surfaces, such. that c 1c-.Jcl, ... , 
CkNCk and such that no point of sis covered more than twice by c 1 , ..• ,Ck 
or more than twice by ci, ... ,ck. Then c 1, ... ,ck can be moved by jumps to 
Ci, ... ,Ck. 
Before proving this Lemma in Section 6, we first give in Section 5 some 
preliminaries on hyperbolic plane geometry. 
5. THE HYPERBOLIC PLANE. 
In proving the Lemma, we make use of the representation of the universal 
covering surface of S as the hyperbolic plane (if S is not the 2-sphere and 
not the torus) . This representation was introduced by Poincare [ 5 J ( cf .[ 3 ], . 
[ 4 )>. Here we rr.eview some elements of this representation which we use in 
our proof. 
Let U = fz,~/lzJ<11 be the unit open disk in the complex plane~- A set 
of points of U is called a hyperbolic line if it is the intersection of u 
with C, where C is a circle or (straight euclidean) line in ~ crossing the 
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boundary of U orthogonally. The set U together with the set of hyperbolic 
lines makes the hyperbolic plane. Each two distinct points in U are contained 
in a unique hyperbolic line. 
There exists a metric d on U so that the topology induced by d coincides 
with the usual toplogy on U, and so that the hyperbolic lines in U are the 
geodesics of d. That is, for any three points x,y,z in U one has: x,y,z are, 
in this orde~ on a hyperbolic line, if and only if d(x,y)+d(y,z)=d(x,z). 
For any x € U and any hyperbolic line ..(, there is a unique point y £ R. so 
that d(x,y) = d(x,l). If xf:l, then y is also the unique point on l so that 
the line through x and y is orthogonal to ~-
An isometry on u is a homeomorphism ~:u__,,u so that d(~(x) ,f(y)) 
d (x,y) for all x,y f U. So an isometry brings hyperbolic lines to hyperbolic 
lines. 
We will also use the following elementary fact from hyperbolic plane 
geometry. For any £> 0 there exists a ?;°>O with the following property: 
(10) if.{ is a hyperbolic line and x,y,zEU so that: 
(i) d(y,l)>£; 
( ii ) d ( x , .l ) ~ d ( y , l) and d < z , t ) ~ d ( y , -l.) ; 
(iii) d(x,y) = d(y,z) = £, 
then d(x,z) < d(x,y) + d(y,z) - '7;. 
The hyperbolic plane can be considered as a universal covering surface 
of a compact orientable surface S (of genus ~ 2). It implies that there 
exists a 'projection' function~:u....:,.s with the following properties (cf. 
also Baer [1]) : 
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( 11) (i) Each u e u has a neighbourhood N homeomorphic to an open 
disk such that 't'IN is one-to-one; 
(ii) If u,u'eU and <f(u) ='f(u'), then there exists an isometry 
~:u-...u so that ~(u) = u' and ~ 0 + = 'Y. 
(iii) For each closed curve c: S 1---11» S and each u ~ ~ -l [c ( 1 l] , there 
exists a unique continuous fiunction O':JR__,,U so that't'oC'(x) 
= C(exp(21T.:!:_x)) for each xElR. [c' is called a lifting of C 
to u.J 
(iv) For each closed curve C:s 1---., S there exists a closed curve C': 
s 1~s so that for each lifting L-r of C', the set L'[lR] is a 
hyperbolic line. The closed curve C' is unique (up to orientation-
preserving homeomorphisms on s 1). [we call C' a geodesic curveJ 
(v) If C' is a geodesic curve homotopic to c:s 1__,,s, then for each 
lifting L of C there exists a lifting L' of C' so that L[R] and 
-L' [R] have the same two intersection points with the boundary 
bd(U) of u. [we say that L' is parallel to L.] The functions 
L and L' are periodic in the following sense: there exists an 
isometry r:U~U so that f 0 + =f and so that ~(L(x)) = L(x+l) 
and ~(L' (x)) = L' (x+l) for each xelR. 
6. PROOF OF THE LEMMA. 
-I. We first prove an auxiliary proposition. Let U be the closed unit disk 
in~, let L1 , ... ,Lt,Ll 1 ••• ,Lt be simple curves on U with end points on the 
boundary bd(U) of U, so that L. and L~ have the same pair of end points (i=1, 
1. 1. 
... ,t), so that L. and L. have at most one intersection, being a crossing in U, 
1. J 
and similarly L' and L' have at most one intersection, being a crossing in U i j 
(i,j=l, ... ,t; itjl, and so that no three of the L. pass one and the same point, 
1. 
and similarly, no three of the L! pass one and the same point. Then: 
1. 
PROPOSITION 8. L 1 , .•. ,Lt can be moved by jumps in U to Ll 1 ••• ,Lt. 
(Moving by jumps is defined similarly as above.) 
PROOF. We apply induction on t. We may assume that L 1 , ... ,Lt are straight 
euclidean line segments (since if we can move Ll 1 ••• ,Lt to straight line 
segments, then by transitivity, any two choices for Li, ... ,Lt can be moved 
to each other). Moreover, we may assume that Ll = L1 . 
Without loss of generality, L1 crosses L2 1 ••• ,L~, in this order (n~ t). 
Let L1 cross Lp( 2 ) , ... ,Lp(n) in this order, for some permutation p of {2, ... ,n1. 
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We assume we have moved Li, .•. ,Lt by jumps so that 
(12) the number of pairs (i,j) with i<j and p(j)< p(i) 
is as small as possible. 
If p is the identity, we may assume that LjoL1 = LjnL1 for j=2, ••. ,n. 
Then by the induction hypothesis applied to the two parts into which L1 
divides U, we can move Li 1 ••• ,Lt by jumps to L1 , ... ,Lt. 
If p is not the identity, there exists an i with 2~ i<n so that p(i+l) 
<"p(i). We may assume that the crossing points x and y of L: and L: 1 with L1 l. l. + 
are very near to each other (to be specified). Now by the induction hypotheses 
applied to the two parts intwo which L1 divides U, we can move L2 1 ••• ,Lt by 
jumps, without changing the crossing points with L1, in such a way that 
finally each of L2, ••. ,Lt is piecewise linear, with only one bend in the 
crossing point with L1 (if any). Choosing x and y near enough to each other, 
makes that L 11 ,L: ,L: 1 form a triangle not intersected by any other of, the l. i+ 
curves. Now we can do a jump at this triangle (that is, we move the crossing 
point of L~ and L~ 1 to the other side of L11 ). This would however decrease l. i+ 
the number (12), contradicting our assumption. 
II. To prove the Lemma, we may assume that S is not the 2-sphere. We first 
consider the case that S is the torus neithe:rr .. Let Cl, ... ,Ck be geodesic 
curves ons homotopic to c 1 , ... ,ck, respectively (cf. (11) (iv)). It might 
be that C'.' and C': coincide for i # j. Let ,l denote the collection of liftings 
l. J 
of Cl, ... ,Ck, considered as hyperbolic lines. 
Let X be the set of points of U covered by more than one [£.J., We choose 
~> 0 small enough so that if x € X and l£i., with x f.L, then d (x,l) > 2~. (The 
existence of such a ~)O follows easily from (11) (i) and (ii), using the fact 
that x ='f'-1[Y] for the finite set Y of crossing points of cl, .•. ,ck on S.) 
It follows that the closed balls B (x, ~) of radius ~ and center x EX are 
pairwise disjoint. Moreover, each such ball intersects ()~ in a 'star'. 
Next choose ~ > 0 small enough so that £< ~ and so that each two distinct 
components of U.l ' U B (x,O) have distance > £ • (Again, the existence of 1 
xex \ 
such an~ follows from the symmetry of U anal.) 
N N 
We now move c 1 , ... ,ck by jumps, so as to obtain c 1rVc 1 , ... ,CkNCk, with 
the .V IV property that each lifting L of c. is at distance at most e from the 
l. 
...., 
lifting of C'.' that is parallel to L 
l. 
(cf. (11) (v)). 
To describe this moving, suppose lifting L of c. is not contained in the 
l. 
-neighbourhood of lifting L' e.~ parallel to L. Choose a point u t: L which 
maximizes d(u,L') (such au exists, as Land L' are periodic - cf. (11) (v)). 
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So d(u,L') >£. Consider the closed ball B(u,£) of radius£ and with center u. 
By Proposition 8 above, we can move the intersections of the liftings of 
c 1 , ... ,Ck with B(u,£) by jumps within B(u,f), fixing the points on the boundary 
of B(u,t), in such a way that after moving, these intersections are hyperbolic 
line segments. (We make 'small' deviations to avoid that three of these line 
segments would go through one point - 'small' to be specified below.) 
Since <.y restricted to B(u,!) is one-to-one, we can reproduce these moves 
on S, giving a move of c 1 , ..• ,ck by jumps. Let us call this a local move. 
We show: 
PROPOSITION 9. After a finite number of local moves, each lifting L of each c. 
l 
is contained in the £-neighbourhood of the line in i parallel to L. 
PROOF. Let s>O satisfy (10). Then at each local move, the sum of the length 
of the ci is decreased by at least '?;' (taking the deviations small enough) . 
Here we take without loss of generality, the C. piecewise linear (i.e., the 
l 
liftings are piecewise linear in de hyperbolic geometry). The length of C. 
l 
is the length of one period of its lifting. 
As this sum remains nonnegative, we can apply only a finite number of 
local moves. 0 
So by a finite number of local moves we can shift c 1 , ... ,ck so that each 
lifting L of each c. is contained in thee-neighbourhood of the 1ine in :l 
l 
parallel to L. We can shift c1 1 ••• ,ck similarly. 
Now for each L'~l there is a number kL' so that there are kL' curves among 
c 1 , •.. ,ck with a lifting in the £-neighbourhood of L'. These kL' liftings are 
pairwise disjoint, since c 1 , ... ,Ck are minimally crossing. Similarly, there 
are kL' pairwise disjoint liftings of c1 1 ••• ,ck contained in the £-neighbourhood 
of L'. 
Consider next a closed ball B(x,~) with xe:x. We may assume that if L' 
passes x, then the kL' liftings of c 1 , ... ,Ck in the £-neighbourhood of L' inter-
sect the boundary of B(x,~) exactly twice, and similarly for the kL' liftings 
of Ci, ... ,Ck. Moreover, we may assume that the points of intersection on the 
boundary of B(x,~) are the same for c 1 , ... ,ck as for Ci 1 ••• ,ck. Hence by 
Proposition 8, we can move the liftings of c 1 , ... ,ck by jumps on B(x,e) so that 
they coincide on B(x,~) with the liftings of ci,··· ,Ck. Reproducing these shifts 
on S, we finally obtain that c 1 , ... ,Ck are moved by jumps to c1 1 ••• ,ck. 
III. We finally show that the Lemma is also true in case S is the torus. 
In fact, this can be reduced easily to the double torus case (genus 2). To 
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see this, put a 'small' handle somewhere on the torus S, where the feet of 
the handle are near enough to each other so that both are contained in the 
same component of S '-. (c 1v ... uckvciu ... uCk_). Then also on the new surface S' 
c. and C~ are freely homotopic (i=l, ... ,k). This follows from the fact that 
l l 
on the torus S, there are two distinct ways of shifting C. to c~. Now above 
l l 
we saw that on S' we can move c 1 , ... ,ck to ci,·· .,Ck_ by jumps. This implies 
that the same can be done on S. D 
Note. The Lemma also implies the following theorem: 
THEOREM 3. Let c 1 , .•. ,ck and Ci,··· ,ck be minimally crossing collections of 
primitive closed curves on a compact orientable surface S, such that C,NC~ 
l l 
for i=l, ... ,k. Then we can shift c 1 , ... ,Ck to cl, ... ,Ck_ over S keeping them 
minimally crossing throughout the shifting process. That is, there exist$ 
continuous functions ~l, ... ,<j>k: [o, 1] x s1 ~s so that: 
(i) cp. (O,z) = c. (z) and "'· (1,z) = C~ (z) for all z e s 1 ; l l ~l l 
(ii) for each x E: [o, 1], the collection of curves </>1 (x, ·), ..• '~k (x, ·) 
is minimally crossing. 
This generalizes a theorem of Baer [2], where c 1 , ... ,Ck are simple and 
pairwise disjoint. 
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